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Abstract 

In the present study, a first-principles energy band calculation is performed for the V-doped Bi2Zr2O7 (V-doped BZO) supercell and pure BZO 

unit cell to elucidate the effect of V doping on the electronic structure and optical properties. Structural optimization calculation reveals that the 

theoretical lattice constant of the BZO unit cell almost agrees with the experimental value. The minimum bandgap is estimated to be 2.55 eV. The 

density-of-states (DOS) calculation indicates that the valence band (VB) located is mainly composed of O 2p states and mixed with Bi 6p and Zr 

4d states throughout the VB. Alternatively, the conduction band (CB) is mainly composed of Zr 4d states and is mixed with the O 2p and Bi 6p 

states. When the BZO is doped with a V atom, three strongly localized peaks appear in the bandgap of the BZO and are assigned to the V 3d states. 

Based on the dielectric function calculation of the V-doped BZO cell, there are absorption peaks from the O 2p VB states to the V 3d gap states 

and a VB–CB optical transition in the BZO crystal. In addition, these peaks are confirmed on the absorption coefficient curves and can be attributed 

to the charge-transfer absorption from O 2p VB states to V 3d gap states. Therefore, the optical absorption of BZO in the visible light region is 

expected to be enhanced by the addition of the V atom. 
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1. Introduction 

Recently, there is a growing concern that elements have a harmful 

effect on human health and the natural environment. Thus, 

environment-friendly metal oxides consisting Zn, Zr, Ce, La, and Bi 

are proposed as a new ceramic pigment material, instead of toxic 

metallic elements such as Cr, Cd, Sb, and Pb. Among the ceramic 

pigments, yellow color is in high demand owing to its high visibility 

[1]. Vanadium is a typical dopant for yellowing oxides with a wide 

bandgap, and vanadium zirconia yellow (V-doped ZrO2) and 

vanadium tin yellow (V-doped SnO2) have been developed to date 

[2-7]. However, yellow color is not sufficient owing to the small 

amount of V dissolved in the host oxide. Therefore, it is often used 

mixed with praseodymium yellow (Pr-doped ZrSiO4), which has a 

bright yellow color [8, 9], but it should be remembered that Pr is a 

rare element. Accordingly, the development of new yellow ceramic 

pigments is awaited. When introducing the dopant into the host 

ceramics, the ionic radius ratio between the dopant element and host 

crystal is an important factor controlling the solubility limits of the 

dopant element. The pyrochlore-type structure is expressed in 

A2B2O7 and the eightfold coordinated A-site, and octahedral B-site 

can be occupied by various cations having a wide range of ionic radii 

[10]. This fact suggests that the pyrochlore oxides are a promising 

matrix for developing a new ceramic pigment material.  

In this study, we focus on Bi2Zr2O7 (BZO) with a pyrochlore-type 

structure and perform first-principles calculations to acquire detailed 

information regarding the effect of adding a V atom with tetra 

valence state (V4+). In particular, we have explored the 

characteristics of the valence band (VB) and conduction band (CB) 

as well as the optical properties of the V-doped BZO supercell.  

 

2. Calculation method 

The BZO unit cell was optimized by relaxing all the lattice 

constants and atomic positions using the Cambridge Serial Total 

Energy Package (CASTEP) code [11]. All the optimization 

calculations were performed using the Broyden–Fletcher–Goldfarb–

Shanno algorithm [12]. Exchange and correlation interactions were 

treated within the framework of a generalized gradient 

approximation (GGA) proposed by Perdew et al [13]. Cutoff energy 

of the plane-wave expansions was set to 380 eV, and the valence 

electrons are treated with Vanderbilt-type non-local ultra-soft 

pseudopotentials [14]. Reciprocal-space integration in the first 

Brillouin zone (FBZ) is performed using four irreducible k-points, 

which correspond to a 2 × 2 × 2 k-grid of the Monkhorst-Pack 

scheme [15]. A V-doped BZO supercell was constructed by 

substituting a V atom for a Zr atom in the BZO unit cell, as shown 

in Fig. 1. The supercell was optimized by relaxing all atomic 

positions using the CASTEP code. The lattice constant, a, was 

assumed to have the same values as those in the BZO unit cell. Each 

self-consistency was examined based on the convergence criteria, 

which were the energy change per atom (5.0 x 10⁻6 eV/atom), the 

atomic displacement (5.0 × 10⁻4 Å), the force on the atoms (1.0 × 

10⁻2 eV/Å), and the stress on the atoms (2.0 × 10⁻2 GPa).  

 

Fig. 1 V-doped Bi2Zr2O7 supercell. 
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The electronic structure calculations of the V-doped BZO 

supercell and pure BZO unit cell were performed using the scalar-

relativistic full-potential linearized augmented plane-wave (FLAPW 

+ lo) method based on the GGA approach [16]. The wave functions 

were expanded using the augmented plane-wave basis functions 

comprising of plane-waves in the interstitial region and linear 

combinations of radial functions multiplied by spherical harmonics 

inside the muffin-tin (MT) region. The MT spheres radii (RMT) of the 

Bi, Zr, and O atoms were 2.32, 2.02, and 1.70 a.u., respectively, for 

the BZO unit cell, and that of the V, Bi, Zr, and O atoms were 1.88, 

2.31, 2.02, and 1.70 atoms, respectively, for the V-doped BZO 

supercell. The plane-wave cutoff was RMT*Kmax = 7.0 for both cells. 

The Brillouin-zone (BZ) integrations were conducted via a modified 

tetrahedron method using a 10 × 10 × 10 k-mesh (47 k-points) for 

the BZO unit cell and using a 4 × 4 × 4 k-mesh (32 k-points) for the 

V-doped BZO supercell in a first BZ.  

The optical properties of V-doped BZO supercell and BZO unit cell 

were derived using the complex dielectric function,   

iThe imaginary part of the dielectric function,  was 

numerically calculated using the momentum matrix elements 

between the unoccupied and occupied electronic states based on the 

selection rules, whereas the real part, was converted using 

by the Kramers–Kronig relation. These properties were 

broadened by Lorentzian functions with  = 0.10 eV. Furthermore, 

the absorption coefficient I was estimated using the complex 

dielectric function . The absorption coefficient is given by the 

following equation [17, 18]: 

𝐼(𝜔) =  √2𝜔/𝑐 𝜀 (𝜔) + 𝜀 (𝜔)  −  𝜀 (𝜔)
/

    (1) 

where c denotes the velocity of light in a vacuum. 

 

 

Fig. 2  Energy band structure of Bi2Zr2O7. 

3. Results and discussion 

Pyrochlore-type structure with the general formula A2B2O7 

crystallizes into a cubic system with space group Fd-3m and contains 

eight formula units for 88 atoms as shown (Fig. 1). In this structure, 

there is one independent A atom, one independent B atom, and two 

independent O atoms (O1 and O2). A and B atoms occupy the 

Wyckoff 16c position. O1 and O2 atoms occupy the Wyckoff 48f 

and 8a positions, respectively. In the case of BZO crystals, the Bi 6s 

electron pair is strongly localized on the Bi atom, causing steric 

hindrances for the arrangement of ions. The hindrances can result in 

the displacement of the Bi atoms from ideal positions to the positions 

Wyckoff 96h, 96g, or 192i, and consequently, in the displacements 

of the O2 atoms [19, 20]. In this calculation, we have assumed that 

BZO has an ideal pyrochlore-type structure for simplifying the 

calculations for impurity-doped supercells. The optimization 

calculation was conducted for the ground state of the system at 0 Pa 

and 0 K. The lattice constant and atomic positions remained almost 

unchanged compared with the experimental data after the 

optimization [19]. 

 

 

 
 

Fig. 3  DOS of Bi2Zr2O7 unit cell. 

 
 

Fig. 4  DOS of V-doped Bi2Zr2O7 supercell. 
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Fig. 5  and  of the theoretical dielectric function of 

the Bi2Zr2O7 unit cell. 

 

Figure 2 shows the energy band structure along with high-

symmetry directions of the first BZ for the optimized BZO unit cell. 

The origin of energy (Fermi level) is taken at the valence band 

maximum (VBM). W, L, Γ, X, and K are symmetry points, whose 

coordinates are (1.0, 0.5, 0), (0.5, 0.5, 0.5), (0, 0, 0), (1.0, 0.5, 0), and 

(0.75, 0.75, 0), respectively, in units of g1
*, g2

*, and g3
* (g1

*, g2
*, and 

g3
* are the relevant reciprocal-space vectors). The minimum band 

gap was calculated to be 2.55 eV, which is close to the approximate 

experimental values reported in the literatures [21-23]. The VBM 

and conduction band minimum (CBM) are both located near the X 

point, but slightly different, suggesting that BZO is an indirect 

material. However, it is uncertain whether BZO is a direct-gap or an 

indirect-gap material owing to the very small energy difference 

between the direct and indirect transitions. 

Figure 3 shows the total density-of-states (TDOS) and partial 

density-of-states (PDOS) for the Bi, Zr, O1, and O2 atoms of the 

BZO unit cell. From the comparison of the TDOS and PDOS, the 

VB located from −5.61 to 0 eV can be observed to be mainly 

composed of O 2p states and mixed with Bi 6p and Zr 4d states 

throughout the VB. The nearest atoms of O1 are Zr, and the ones of 

O2 are Bi. Therefore, the DOS of O1 and O2 significantly differ in 

shape. The Bi 6s states are strongly localized near the top of the 

valence band, which corresponds to the classically known inactive 

electron pair of Bi 6s [24]. Alternatively, the CB mainly comprises 

Zr 4d states, and it is mixed with the O 2p and Bi 6p states.  

Figure 4 (a) shows the TDOS and V-related DOS for the V-doped 

BZO supercell. When BZO is doped with a V atom, sharp localized 

peaks that were not identified before doping are observed in the 

bandgap of BZO. In the up-spin states, the lowest gap states are 

located at E = 0 eV, indicating that the V-doped BZO is metallic. 

The energy difference from the VBM of BZO is estimated to be ca. 

1.82 eV. According to the PDOS analysis, the localized peaks were 

found to be mainly in the V 3d states and are also hybridized with 

the O 2p states. Three peaks form in the bandgap lie in the range of 

–0.11 to 0 eV (Peak-I), 0.35 to 0.42 eV (Peak-II), and 0.42 to 0.46 

eV (Peak-III), but Peak-II and Peak-III are very close. Peak-I is 

mainly attributable to V 3dxy, 3dxz, and 3dyz states, whereas Peak-II 

and Peak-III are mainly attributable to V 3dx
2
−y

2 and V 3dz
2 states, 

respectively. This result is explained by deformation of the  

VO6 octahedron in the V-doped BZO supercell, as presented in 

Table 1. In the down-spin states, there are two peaks in the range of 

0.71 to 0.82 eV (Peak-IV) and 0.82 to 0.90 eV (Peak-V). Peak-IV 

and Peak-V are mainly attributable to V 3dx
2
−y

2 and V 3dz
2 states, 

respectively, and V 3dxy, 3dxz, and 3dyz states make little contribution.  

Figure 5 depicts the real and imaginary  parts of the 

dielectric function for the BZO unit cell. The dielectric tensor 

contains one independent diagonal component, xx, because BZO 

has a cubic crystal system. The real part is equal to the square 

of the refractive index, i.e., approximately 2.45. The imaginary part 

is related to the absorption spectrum between the electronic 

transitions from VB to CB and shows the maximum value at 3.5 eV. 

This peak is mainly attributed to the electronic transition from Bi 6s 

and O 2p to Bi 6p and O 2p, as shown in Fig. 4.  

Figure 6 denotes and of the dielectric function for the 

V-doped BZO supercell. Owing to the triclinic structure of V-doped 

BZO supercell, ε1(ω) and ε2(ω) can be separated into six independent 

components, which are three diagonal components (xx, yy, zz) and 

three off-diagonal components (xy, xz, yz). However, the three 

diagonal components overlap each other and appear to be a single 

curve, as well as for the three non-diagonal components. The 

refractive index of the supercell is larger than the value of pure 

BZO. On the contrary, in the ε2(ω), several small peaks were found 

at 0.42, 1.05, 2.33 eV, and so on. 

Moreover, the absorption coefficient I() for V-doped BZO 

supercell and BZO unit cell are calculated, and those results are 

shown in Fig. 7. Because the coefficients are derived using the 

dielectric function, each polarization tensor component is similar to 

the corresponding components of the dielectric function. In Fig. 7, 

there are several peaks at 0.45, 1.07, 2.35 eV, and so on in the V-

doped BZO supercell, as indicated by Fig. 6. These peaks can be 

attributed to the charge-transfer absorption from O 2p VB to V 3d 

gap states and the dd transition between V 3d states. Needless to say, 

these peaks do not appear without V addition. Therefore, the 

addition of V into BZO crystal is expected to improve the optical 

 

Fig. 6  and  of the theoretical dielectric 

function of the V-doped Bi2Zr2O7 supercell. 
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absorption of BZO in the visible light region. 

 

4. Conclusion 

We performed a first-principles energy band calculation for the V-

doped BZO supercell and pure BZO unit cell using the theoretically 

optimized structure to elucidate the effect of V doping on the 

electronic structure and optical properties. The minimum bandgap 

of the BZO is estimated to be 2.55 eV. The DOS analysis reveals 

that VB is mainly composed of O 2p states and mixed with Bi 6p 

and Zr 4d states, and the CB is mainly composed of Zr 3d states 

mixed with the O 2p and Bi 6p states. In the dielectric function 

calculation of the V-doped BZO supercell, small absorption peaks 

are observed from the O 2p VB to the V 3d gap states as well as the 

VB–CB optical transition in the BZO crystal. These peaks can be 

confirmed on the absorption coefficient curves and are attributed to 

charge-transfer absorption from O 2p VB to V 3d gap states. 
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(b) 

Fig. 7 Absorption coefficient, I, for the (a) 

Bi2Zr2O7 unit cell and (b) V-doped Bi2Zr2O7 

supercell. 

(a) 


